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Game semantics for FOL

O=RX ., X [md]oveo|IXO

Associate to each sentence ¢ a game structure ||¢]|5, as follows:

Two Players, I and II (or Abelard and Eloise);

Positions of ||¢||; are tuples (v, s, t), where y e Sub(¢), s set
of annotations, t € {I, II};

Starting position = (¢, G, II);

At position (v, s, t), Player t chooses the next position;



Game semantics for FOL

Position sSuccessors

v, s, ) (v, s, 1)



Game semantics for FOL

Position sSuccessors
(v, s, 1) (v, s, 1)

(yv6,s,t) (v, s,1),(0,s,0)



Game semantics for FOL

Position

(v, s, 1)

(yvo,s,t)

(Ax vy, s, 1)

Successors

(v, s, t)

(v, s, 1), (6,s,1)

(v, s + {x:e}, 1)

e € E (domain of quantification)



Game semantics for FOL

Position Successors
(v, s, 1) (v, s, 1)
(yv6,s,t) (v, s,1),(0,s,0)
(Ax v, s, 1) (v, s + {x:e}, 1)

e € E (domain of quantification)

(Rxl.,.xn, S, 1) none



Game semantics for FOL

Given a game structure |[¢]|; and a model M, we can
instantiate ||¢||; with M.

The domain of quantification becomes Dom(M);

A position (0, s, t), ¢ atomic, is winning for t iff
M,s|=¢



Game semantics for FOL

(Van Benthem, 2003): Logic games are complete for game logic

If a power statement (of game logic) is falsifiable by
abstract sequential games then it is falsifiable by first-order
evaluation games.
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If now we consider winning strategies in these games, we move from
Game Semantics to Game Theoretic Semantics.

V(l[¢llz(M)) = 1 if IT has a winning strategy;
O if I has a winning strategy.

0 > l¢lls
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Game semantics for FOL

If now we consider winning strategies in these games, we move from
Game Semantics to Game Theoretic Semantics.

V(l[¢llz(M)) = 1 if IT has a winning strategy;
O if I has a winning strategy.

0] > |[0]]

For First Order Logic,

GTS = Tarski Semantics

\j \j
Vol (M) < [101]5(M)
111",
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A very trivial example

¢ = Vx Jy (x=y)

T
- 1

Eloise has a winning strategy; therefore, M |= ¢




Multi Player Logics

1. Can we generalize these techniques?

2. Which sort of logics would correspond to multi-player games?
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0. Why would one be interested in multi-player logics?

Communication protocols (also data compression):

vx,..x, (D(x;..x) = (3y;...y,, M(y,...y ) A
A J(zZ..z MY, )) (27X A.AZ =X )))

Information Source Transmitter Decoder Controller
Xl...Xn yl...ym y1°"ym Zl — Xl
e —- Zy...Z_ —
D(x;...X,) M(y,...y,,) Signal Z, =X,

A 2 2
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Cryptography:

Multi Player Logics

VX X 3y, Y (3Z 2 MY 5 Y 0 D) (27X AGAZ =X ) A
AV (Wi WY 100 Y D(W X VoLV W 2X )

Information Source

Transmitter

XX, —

n

Yi---Yn

Yi-¥m
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Cryptography:

VX X 3y, Y (3Z 2 MY 5 Y 0 D) (27X AGAZ =X ) A
ANVW L WIMY Y DWW EX ] VY WX )

Information Source Transmitter

Xq...X —_— Y.y,

0, always!

Yi-¥m

Decoder

W, # X4

W #F X

Controller

Z,=X,

Zn:Xn
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Multi Player Logics

Cryptography:
VX X 3y, Y (3zZ 2 MY 5 Y 0 D) (27X AGAZ =X ) A
ANVW L WIMY Y DWW EX ] VY WX )

Information Source Transmitter Decoder Controller

Yi--Yom 21 =Xy
XieoX |~ f—y Y .

n

Zn:Xn

A 2

The Information Source W. £ X

1 1
and the Spy are not X WW, el g z
supposed to coordinate W_# X

their moves! Spy Spy Customer



Multi Player Logics

Abramsky, 2006: Socially Responsive,
Environmentally Frienly Logic

Abramsky, 2007: A Compositional Game Semantics
for Multi-Agent Logics of Partial Information

See also:

Tulenheimo, Venema, 2007: Propositional Logic
for Three;

Tulenheimo, 2007: Satisfiability and Validity

from a 3-player Perspective;
Loohuis, 2008: Multi-player Logics;
Loohuis, Venema, 2009: Logics and Algebras for
Multiple Players;
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Concrete Data Structures

Concrete Data Structures (Kahn, Plotkin, 1975):

M=(C,V,D,|-)

C = cells (loci of decisions);

V = values (that a cell can take);
D = decisions (< C x V);

|- = enabling relation ( ¢ P{(D) x C)



Concrete Data Structures

A state s over M Is a subset of D such that
(C,vy), (C,V,) e S=> Vv, =V,;

If (c, v) esthen3 (cy, vy)... (C, v,) =(cv)s.t,, Viel .. K,

(c,Vv) es andTI; |- c for some I’ c {(Cy, Vy)..(Ci 1y Vig)}
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Concrete Data Structures

A : C - Alabeling function, A = the set of players

vx (P(x) v Jy Q(y))

C={x,y, v}
V={a, b, L, R}

D ={(x, &), (x, b), (y, &),
(. b), (v, L), (v, R)K;

- ={ X @)}, v), AX,b)}, v),
{1V, R)L )}

X

{a,b}

(X,a)l l(x,b)

\'

(V,R)l

y

{L.R}

{a,b}
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Concrete Data Structures

Primitives:
Atomic formulas: empty game (&, J, D, OD);

Quantifiers: Q,, o € A:

({coh E, {co} X E, |-5), where |-o ={(<, c,)}
Mcy) = o

Co E={ab.c,..}




Concrete Data Structures

Operations:

Choice connectives: M @ N, o € A:

(C,0¢ C\, 09 {c,}, V,, OV, O{L, R},
D,, 09 Dy, 09{(c,, L), (Cq R)}, |-

M@aN)

(Cor L), T |'|v|@a|\|
(Co, R)’ I |'

ciff T |- c. -

M®gN

kM@aN(CO) = Q
ceM= kM@aN(c) =\, (0);

ceN= KM@QN(C) = A (©).



Concrete Data Structures

Operations:

Parallel Composition: M || N:

(CyddCy, Vy OV, Dy 09Dy, Y []d -\)

CeM = Aye n(C) = Ay,(C);
CeN = Ay (€)= A (). M N



Concrete Data Structures

Operations:

Sequential Composition: M - N:

(CMDd CN’ VM L VN’ DM e DN’ |'|\/|-N)

[, Ciff T, corl'=sA, M
s e Max(M), A |- ¢; *
N

ceM= kM%N(C) = A,(C);

ceN= A q (€)= A(C).



Concrete Data Structures

Operations:

Role switching: (M), © : A - A permutation
(Cws Vs D s I-0)

ceM= kn_(M) = 1(A,,(C));
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(Tulenheimo, 2007) and (Tulenheimo and Venema, 2007):
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I Abelard Barbara

II Barbara Charlie
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Concrete Data Structures

(Tulenheimo, 2007) and (Tulenheimo and Venema, 2007):

From role permutations to role distribution permutations

(A,B,C) - (B,C,A); (A,C,B) - (C,B,A); (B,A,C) - (A,C,B);
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II Barbara Charlie Charlie Barbara

111 Charlie Abelard Barbara Abelard



Concrete Data Structures

(Tulenheimo, 2007) and (Tulenheimo and Venema, 2007):

From role permutations to role distribution permutations

(A,B,C) - (B,C,A); (A,C,B) - (C,B,A); (B,A,C) - (A,C,B);
(B,C,A) - (C,AB); (C,AB) - (AB,C); (C,B,A) - (B,A,C).

Role Player =n(Player) Player =(Player)
I Abelard Barbara Abelard Charlie

II Barbara Charlie Charlie Barbara

111 Charlie Abelard Barbara Abelard

With n players, (n!)! “negations’!
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Concrete Data Structures

0= RX X [(0) [ 0D, 0]Q,x[(0]0)[¢-0

Then associate to every formula ¢ a labeled CDS ||¢]|5:

(Qr X - (PXx ®1P'X)) &y QX -Qpry - RX,yY)

PR

E E

i i

L,R E
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Strategies

M Labeled Concrete Data Structure, D(M) = set of configurations
D(M)T=D(M) u {T} (T = “no strategy found”)

A strategy for Player o is a function ¢ : D(M)T — D(M)T

(S1): s c o(s);

(S2): (c,Vv) € 6(S)—s = A(C) = q;

(S3): 6(oa(s)) = o(s); Cl (M) = {s : s satisfies S1 ... S4}

(S4): s ct = o(s) < o(t).
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Strategies

Ym: Cy — [D(M) - D(M)]
s\c iff v (c,v) € s

S ,M)={ce Cl (M): VsV c,o(s)vc = o(yy(c)(s))vc}

'.l . [ e &
l |

Cy C4 C4
W -+ H -

S Ym(Cs)(S) o(Ym(Cs))(s)




Strategies

Ym: Cy — [D(M) - D(M)]
s\c iff v (c,v) € s

S ,M)={ce Cl (M): VsV c,o(s)vc = o(yy(c)(s))vc}
It ¢ Is atomic, |[¢]| = (©,,9,4) and vy, = 9;

If ¢ isa quantifier,C”q) = {c,} and Yo = s

Nzl = Mo -



Strategies

Yv: Cy - [P(M) - D(M)]
s\c iff v (c,v) € s
S ,M)={ce Cl (M): VsV c,o(s)vc = o(yy(c)(s))vc}

Yito @, wiii (€)(S) 2 if c=c,;

={(Co: LI VU Yo (€8 ={(Co,L)})  HeInCpy s

Co {: R ={(cpR)} U Yy (©)(s —{(ce, D) ifcinC

vl
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Yv: Cy - [P(M) - D(M)]
s\c iff v (c,v) € s
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Ym: Cy — [D(M) - D(M)]
s\c iff v (c,v) € s

S ,M)={ce Cl (M): VsV c,o(s)vc = o(yy(c)(s))vc}

Weak Progression Assumption (WP): s |-, C, S\C = 6(S) #S
Strong Progression Assumption (SP):s |-\, € = o(S)\C

Theorem: WP < SP

— : obvious.

< ifs |-, c, o(s)xc, then o(c(s)) = o(s)xc.
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Strategies

S,/ ={s € S s satisfies WP, s is safe}

Given a strategy profile

Define

<Gy> = min {se D(M)": ¢(s) = s for all o}
o e
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(Qp X - (PX ®y1SX)) ®p Qp X - Qppry - T(X,Y,y)

{(IL, L)} ->{(L, L), (I, &)} R
Si {(L R} ->{(IL L), (L, b)} / \\
s -> s otherwise.

E b
@ ->{(ll, R)}; L *

s, - UL R), (La)}->{(1L R), (1, a), (11, b)}
II" (11, R), (I,b)} -> {(I1, R), (I, b), (I1, Q)}; L.R a

s -> s otherwise.

(L, L), (1)} -> {(II, L), (I, &), (IT1, L)}; {(I, R), (I, b), (11, @)}

St {(IL, L), @,b)} -> {(IL, L), (I, b), (IIT, R)};
s -> s otherwise.
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So far, no payoffs, and variable assignments.

V. Ar(y) -> Co(y)

Ar(y) = variables that must be bound for y to be interpreted
Co(y) = variables bound after y has been interpreted

(Variables not in Ar(y) U Co(y) “pass through”)

If §(x,...X) atomic, ¢ : {X;...X } -> I;

QX D -> {x};
o: X->Y
o:X->Y . O: XUZ ->YUW
n(d): X ->Y

(W c 2);
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Outcomes and Valutations

O X->Y v Y->Z . ¢: X->Y Yo X->Y
O-y: X->Z | 0Dy X->Y ’

0: Xy >Y, Yy X,->Y,
O w: X, ud X, ->Y,udY,

¢ Is a formula iff ¢p: X ->

¢ IS a sentence iff ¢: G -> &
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QX - (Qpy - (PX @1 RXy) || RxX)

D->{xp G->{y} {x}->C xy}->0  {x}->0

{x}->{xy} {xy}->2
{X,y} '>@

{x} >

{x}->9

D -> D
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(QX Dqpp QrX) - Qupry ) - RXy

D -> {x} D -> {x} D ->{y} {x,y} >0
& -> {x} {x} ->{x,y}
D ->{x,y}




Outcomes and Valutations

(QX Dqpp QrX) - Qupry ) - RXy

D -> {x} D -> {x} D ->{y} {xy} >J
& -> {x} {x} ->{x,y}

D ->{X,y}
D>




Outcomes and Valutations

(QX Dqpp QrX) - Qupry ) - RXy

& ->{x} & ->{x} & ->{y} xy} >0
& -> {x} {x} ->{x,y}
D ->{x,y}
3 ->
L,R
L R
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Strategies for open formulas
. X - Y

strategy for ¢ = (o) i n € XE

<(c,),> X5 - Max(0)

<(0,),>My) = <o, >
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. X - Y, s e Max(]|o]|)
bind,\,.(s) : (Y\X) - Cy,
If  atomic, Y\ X = J;

bind”Qaq)”(s)(x) = Co;

bind, 4 (8)(X) = bind, , (S)(X);



Outcomes and Valutations

o, v: X - Y

| bind,,. (S)(y) if (Cn, L) €5
_ ol 0
bINdy5 @,y (S)(Y) {bindwu(s)(y) (e, R) e



Outcomes and Valutations

0: Xy - Y, X, - Y,

| bind,. (s)(y) ify € Y, \ (X, U X,)
_ 1o 1V (XU X,
oINd 5y (S)(Y) _{bindlwll(s)(y) fy e Y\ 0 LX)



Outcomes and Valutations
o: X - Y, yY - Z

bind, ., (S)(y) if y € Z (Y\X)

bind”q) , W”(S)(y) = {bind”w”(s)(y) If Y € Z\ (Y U X)
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V, ®, ©, 1)

®, ® associative;
® commutative;
X®1=1Q® X=X
XO1l=10X=X



Outcomes and Valutations

o X Y

val o o - E* X Max(|[¢]]) - V

- If ¢ atomic, val,,, , (N, D) € Vis given;

» valio_o.a (M- S) = 15

* Vel o« (M- 8) = Valjg) 710 M- S);



Outcomes and Valutations

o X Y

val o o - E* X Max(|[¢]]) - V

Valjy 0,y oM 1(Co: L} 8) = valy o (M, S);

Valig o, vy oM, {(Co RIFUS) = valy, (0, 5).
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0: Xy - Y, ¥X, - Y,

S)

Valioy) oM S) = Valyg o (M. T, S) @ valyy, , (T,,n. T,



Outcomes and Valutations

o: X - Y,ylY - Z

Valjo .y e S) = Valg o (M. T S) © val,, , (', @, S)

'y) = nly), ity e X;
s(bind, ,/(S)(¥)), if y € (Y \ X).
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Qx-Qy- -(x=y): 4 - &
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Bind,(S)(¥) Valy () = 1
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A very trivial example, part Il

Qx-Qy- -(x=y): 4 - &

Qx: 9 - {x}; Q :{X} - Xy} x=y): {x)y} - &.

Bind,(S)(¥) Valy () = 1

o _J1itn0) =n(y);
Yy 9) '{ 0 if n(x) = n(y).

BindQHy(s)(y) c, VaIQHy(n,s) =1
Valgy gy .x=y(&,8) =1 010 Val,_ ({x=s(Cy), y=s(c,)}, D) =

= 11if s(cy) = s(c,), 0 1f s(c,) # s(c,)
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y may depend on X, but not on z;
w may depend on z, but not on X.

3f 4g VX Vy 0(X,1(x), y, a(y))
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Not expressible in First Order Logic:

Ela(vx Hy)(x =y & YV=W) AY #a
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Interlude

In general,

FOL + Branching Quantifiers = Existential Second Order
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Branching Quantifiers and IF-Logic:
Interlude

(Hintikka and Sandu, 1989): IF-Logic

(VX oY o(X,y,Z,w) - VX 3y Vz (dw/X) ¢o(X,y,z,w)
vx 3y Vz (Aw/x,y) o(X,Y,zZ,w)
(Hodges, 1997): Compositional Semantics

X |= ¢, X set of assignments (team)

(Hodges and Cameron, 2001). cannot do
better than this.

(Vaananen, 2007). Vx3ayVvz3aw (=(w,z)Ad(X,Y,Z,W))
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A very trivial example, part Il

¢ = Vx (Jy/x) (x=y)

Neither player has a winning strategy.
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Multi-player imperfect information

Branching quantifiers can be expressed
using parallel products:

ol Qﬁy)qxx yzw) = QX QIQXQy) 0(x.yzw)

We get imperfect information through
the parallel product!

What if we want IF-Quantifiers too?
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Add to Concrete Data Structure an
Occlusion Function:

Occoi Crol — P(X)
- If ¢ atomic, = C,,, = &;

o]

* OCC)j5 )1 = OCCgy;
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Multi-player imperfect information

Add to Concrete Data Structure an
Occlusion Function:

Oce)g: Cyon ~ PX)
0: X, - Y,y X - Y,

OcclM)”(c) U X ifce C
OCC“W“(C) U X ifceC

o]l

* OCC14 1y (€) = |
il



Multi-player imperfect information

Add to Concrete Data Structure an
Occlusion Function:

Oce)g: Cyon ~ PX)
XY,y Y - Z

OCC||¢||(C) ifce C

« OccC C) = ol
i0-wil (©) {Occ“\l,“(c) U (X\Y) ifce C

il



Multi-player imperfect information

Adapt the definition of the visibility
condition for sequential composition:

Yo 1 () (T (S)) Tce Cops

Yico-woil = Yiio - i (€)(S) = { 1o 1(S) U Yy (©)(y(s))  ifce Cpy-



Multi-player imperfect information

Adapt the definition of the visibility
condition for sequential composition:

_ _ J en©(my(s)) Tce Cpys
Tie-von = ion-wa () = {mw (8)\S(8)) L 1y (©)(my(s)) ifc e Cyy .

S(s) ={(c',v) e DI |dye Occwll(c), bind”q) (S)(y) =}
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0=Qx- (QYNX) - (x=y): D —~ @
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Co
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A very trivial example, part IV

0=Qx- (QYNX) - (x=y): D —~ @

BiNdq,(8)0) Valg,(n.5) = 1

Co Yo (C(S) = g u(S) \ CuuU D = O
Bindg, ,(S)(Y) cl Valg v/« (M:S) =1 6({(Cp.a)} i (C1,a)
1 Occq yix (1) =€ ollCoD)} = (¢,0)
IS not admissible!
B 1 if s(cy) = s(cy);
Vale (€, 8) = {O if s(c,) # s(c,).



A very trivial example, part IV

0=Qx- (QYNX) - (x=y): D —~ @

Bindx(S)) c, VouMS) =1 Vo 1(C(S) =g (S)\ Cuu D =
BindQHy(S)(y) Cl VaIQHy/x (n.,s)=1 o({(cq.a)} i (c,.a)
© Oceqy 1x(€) = 6 oD = (D)
IS not admissible!
1if = ;
Val, (9, s) = {O :f zgzz; ) zégi; The value of y may not

depend on the value of x



Branching Quantifiers and IF-Logic:
Interlude

What we have:

* VVery general framework for multiplayer Game
Semantics;

* Highly abstract treatment of strategies, bound
variables, valutations;

* |F quantifiers.



Branching Quantifiers and IF-Logic:
Interlude

What would be nice:

 Compositional semantics for winning strategies
(generalize Hodges 1997);

 Compositional semantics for (strong?) Nash
Equilibria (cfr. Galliani 2008) and other equilibrium
notions;

* Expressive power and complexity;

* Generalize (van Benthem, 2003);

* Metalogical results

(cfr. Loohuis, Tulenheimo, Venema)
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