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is part of 720 
includes 464 
subject to 335 
liable to 150 
open to 140 
dependent  88 
determined by 78 
given by 70 
independence 64 
equal to 60 
function of 60 
dependent on 43 
dependence 32 
independent of 30 
belonging to 26 
modified by 20 
dependency 19 
dependence on 13 
vulnerable to 11 
independence of 7 
computed from 4 
totally dependent on 3 
uniquely determined by 3 
contingent on 3 
qualified by 2 
totally independent of 1.6 
conditioned by 1.5 
left open by 1.3 
mutually dependent 0.2 
totally determined by 0.1 
mutual dependency 0.06 
mutually dependent on e/o 0.02 

Classical	
  logic	
  

Modal	
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possible 609 
probably 313 
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it is possible that 146 
possibly 118 
necessarily 85 
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believes that 30 
it is necessary that 23 
it is obligatory that 0.1 
it is permissible that 0.1 
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Ques4on	
  

Can	
  one	
  add	
  the	
  dependence	
  concept	
  to	
  	
  

first	
  order	
  logic	
  (or	
  other	
  logics)	
  in	
  a	
  coherent	
  way?	
  

What	
  is	
  the	
  logic	
  of	
  dependence?	
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Solu4on	
  

•  We	
  consider	
  the	
  strongest	
  form	
  of	
  dependence,	
  
namely	
  func4onal	
  determina4on	
  z	
  =	
  f(x1,...,xn),	
  
where	
  	
  x1,...,xn,z	
  are	
  individual	
  variables.	
  	
  

•  We	
  denote	
  it	
  =(x1,...,xn,z)	
  and	
  call	
  it	
  a	
  dependence	
  
atom.	
  Weaker	
  forms	
  of	
  dependence	
  are	
  derived	
  from	
  
this.	
  

•  In	
  computer	
  science:	
  x1…xn	
  ⇒	
  z,	
  where	
  	
  x1,...,xn,z	
  are	
  
database	
  fields.	
  (Armstrong	
  rela4on)	
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Weaker	
  dependence	
  

•  Every	
  day	
  aVer	
  work	
  he	
  is	
  either	
  in	
  the	
  library	
  
or	
  in	
  the	
  bar.	
  

•  Func4onal	
  dependence	
  up	
  to	
  2.	
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Name	
   Job	
   Gender	
  
Salary	
  
group	
  

s0	
   Jeff	
   analyst	
   M	
   C	
  

s1	
   Paula	
   assistant	
   F	
   A	
  

s2	
   Laurie	
   assistant	
   M	
   C	
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•  Dependence	
  does	
  not	
  manifest	
  itself	
  in	
  a	
  
single	
  play,	
  event	
  or	
  observa4on.	
  

•  The	
  underlying	
  concept	
  of	
  dependence	
  logic	
  is	
  
a	
  mul4tude	
  –	
  a	
  collecIon	
  -­‐	
  of	
  such	
  plays,	
  
events	
  or	
  observa4ons.	
  

•  These	
  collec4ons	
  are	
  called	
  in	
  this	
  talk	
  teams.	
  

•  They	
  are	
  the	
  basic	
  objects	
  of	
  our	
  approach.	
  

Mul4tude	
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Teams	
  

•  A	
  set	
  of	
  records	
  of	
  stock	
  exchange	
  transac4ons	
  of	
  a	
  
par4cular	
  dealer.	
  

•  A	
  set	
  of	
  possible	
  histories	
  of	
  mankind	
  wri^en	
  as	
  
decisions	
  and	
  consequences.	
  

•  A	
  set	
  of	
  chess	
  games	
  between	
  Susan	
  and	
  Max,	
  as	
  lists	
  
of	
  moves.	
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Teams	
  

•  1st	
  intui4on:	
  A	
  team	
  is	
  a	
  set	
  of	
  plays	
  of	
  a	
  game.	
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Teams	
  

•  1st	
  intui4on:	
  A	
  team	
  is	
  a	
  set	
  of	
  plays	
  of	
  a	
  game.	
  
•  2nd	
  intui4on:	
  A	
  team	
  is	
  a	
  database.	
  

x0	
   x1	
   x2	
  
s0	
   0	
   1	
   0	
  
s1	
   0	
   1	
   1	
  
s2	
   2	
   5	
   5	
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Towards	
  a	
  logic	
  based	
  on	
  teams	
  

•  A	
  database	
  sa4sfies	
  x2>x0	
  if	
  field	
  x2	
  is	
  always	
  
greater	
  than	
  field	
  x0.	
  	
  

•  A	
  database	
  	
  sa4sfies	
  =(x1,...,xn,y)	
  if	
  field	
  y	
  is	
  
func4onally	
  determined	
  by	
  the	
  fields	
  x1,...,xn.	
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•  A	
  set	
  of	
  plays	
  sa4sfies	
  x2>x0	
  if	
  move	
  x2	
  is	
  in	
  each	
  
play	
  greater	
  than	
  move	
  x0.	
  	
  

•  A	
  set	
  of	
  plays	
  sa4sfies	
  =(x1,...,xn,y)	
  if	
  move	
  y	
  is	
  
in	
  each	
  play	
  determined	
  by	
  the	
  moves	
  x1,...,xn.	
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•  A	
  set	
  of	
  plays	
  sa4sfies	
  x2>x0	
  if	
  move	
  x2	
  is	
  in	
  each	
  
play	
  greater	
  than	
  move	
  x0.	
  	
  

•  A	
  set	
  of	
  plays	
  sa4sfies	
  =(x1,...,xn,y)	
  if	
  move	
  y	
  is	
  
in	
  each	
  play	
  determined	
  by	
  the	
  moves	
  x1,...,xn.	
  



	
  Dependence	
  atoms	
  	
  =(x1,...,xn,z)	
  
+	
  

First	
  order	
  logic	
  	
  

=	
  

	
  Dependence	
  logic	
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Syntax	
  of	
  dependence	
  logic	
  

xi	
  ,	
  c,	
  .1…tn	
  

=,¬,∨,∧,∃,∀,	
  ),(,	
  xi	
  

t=t’	
  

t=t’	
  
Rt1...tn	
  
¬ϕ	
  

ϕ 	
  ∨	
  ψ	
  
ϕ 	
  ∧ψ	
  
∃xiϕ	
  
∀xiϕ	
  

=(x1,...,xn,z) 
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Assignment	
  

Variables	
   Universe	
  of	
  
the	
  model	
  

s 
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•  A	
  team	
  is	
  just	
  a	
  set	
  of	
  assignments	
  for	
  a	
  
model.	
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Teams	
  –	
  exact	
  defini4on	
  



•  A	
  team	
  is	
  just	
  a	
  set	
  of	
  assignments	
  for	
  a	
  
model.	
  

•  Empty	
  team	
  ∅.	
  	
  
– Database	
  with	
  no	
  rows.	
  
– No	
  play	
  was	
  played.	
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Teams	
  –	
  exact	
  defini4on	
  



•  A	
  team	
  is	
  just	
  a	
  set	
  of	
  assignments	
  for	
  a	
  
model.	
  

•  Empty	
  team	
  ∅.	
  	
  
– Database	
  with	
  no	
  rows.	
  
– No	
  play	
  was	
  played.	
  

•  The	
  team	
  {∅}	
  with	
  the	
  empty	
  assignment.	
  
– Database	
  with	
  no	
  columns,	
  and	
  hence	
  with	
  at	
  
most	
  one	
  row.	
  

– Zero	
  moves	
  of	
  the	
  game	
  were	
  played	
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Teams	
  –	
  exact	
  defini4on	
  



For	
  the	
  truth	
  defini4on:	
  Nega4on	
  Normal	
  Form	
  

We	
  push	
  nega4ons	
  all	
  the	
  way	
  	
  

to	
  atomic	
  formulas	
  using	
  de	
  Morgan	
  laws.	
  	
  

Thus	
  ¬¬φ	
  will	
  have	
  the	
  same	
  meaning	
  as	
  φ.	
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Truth	
  defini4on	
  

A	
  team	
  saIsfies	
  a	
  formula	
  if	
  	
  

every	
  assignment	
  in	
  the	
  team	
  does,	
  

and	
  …	
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  A	
  team	
  sa4sfies	
  Rt1…tn	
  if	
  every	
  
team	
  member	
  does.	
  

x0	
   x1	
   x2	
  
s0	
   0	
   1	
   0	
  
s1	
   0	
   1	
   1	
  
s2	
   2	
   5	
   5	
  

x0<x1	
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  A	
  team	
  sa4sfies	
  ¬Rt1…tn	
  if	
  every	
  
team	
  member	
  does.	
  

x0	
   x1	
   x2	
  
s0	
   0	
   1	
   0	
  
s1	
   0	
   1	
   1	
  
s2	
   2	
   5	
   5	
  

¬x1<x0	
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  A	
  team	
  sa4sfies	
  ¬Rt1…tn	
  if	
  every	
  
team	
  member	
  does.	
  

x0	
   x1	
   x2	
  
s0	
   0	
   1	
   0	
  
s1	
   0	
   1	
   1	
  
s2	
   2	
   5	
   5	
  

¬x1<x0	
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Note:	
  some	
  X	
  sa4sfy	
  
neither	
  Rt1…tn	
  nor	
  
¬Rt1…tn.	
  



	
  A	
  team	
  sa4sfies	
  t=t’	
  if	
  every	
  team	
  
member	
  does.	
  

x0	
   x1	
   x2	
  
s0	
   1	
   0	
   0	
  
s1	
   0	
   1	
   1	
  
s2	
   2	
   5	
   5	
  

x1=x2	
  
x	
   y	
  

x=y	
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  A	
  team	
  sa4sfies	
  ¬t=t’	
  if	
  every	
  team	
  
member	
  does.	
  

x0	
   x1	
   x2	
  
s0	
   1	
   0	
   0	
  
s1	
   0	
   1	
   1	
  
s2	
   2	
   5	
   5	
  

¬x0=x1	
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•  A	
  team	
  X	
  sa4sfies	
  =(x1,...,xn,z)	
  if	
  in	
  any	
  
two	
  assignments	
  in	
  X,	
  in	
  which	
  x1,...,xn	
  
have	
  the	
  same	
  values,	
  also	
  z	
  has	
  the	
  
same	
  value.	
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•  A	
  team	
  X	
  sa4sfies	
  =(x1,...,xn,z)	
  if	
  in	
  any	
  
two	
  assignments	
  in	
  X,	
  in	
  which	
  x1,...,xn	
  
have	
  the	
  same	
  values,	
  also	
  z	
  has	
  the	
  
same	
  value.	
  

x	
   y	
  

=(x,y)	
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•  A	
  team	
  X	
  sa4sfies	
  =(x1,...,xn,z)	
  if	
  in	
  any	
  
two	
  assignments	
  in	
  X,	
  in	
  which	
  x1,...,xn	
  
have	
  the	
  same	
  values,	
  also	
  z	
  has	
  the	
  
same	
  value.	
  

x	
   y	
   u	
   z	
  
s0	
   0	
   0	
   1	
   0	
  
s1	
   0	
   1	
   0	
   2	
  
s2	
   2	
   5	
   0	
   5	
  
s3	
   0	
   1	
   1	
   2	
  

=(x,y,z)	
  

x	
   y	
  

=(x,y)	
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An	
  extreme	
  case	
  

=(x)	
  
”x	
  is	
  constant	
  in	
  the	
  team”	
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An	
  extreme	
  case	
  

=(x)	
  
”x	
  is	
  constant	
  in	
  the	
  team”	
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x	
  

=(x)	
  



•  A	
  team	
  X	
  sa4sfies	
  φ	
  v	
  ψ	
  if	
  	
  
	
  X=Y	
  ⋃	
  Z,	
  where	
  Y	
  sa4sfies	
  φ	
  and	
  Z	
  
sa4sfies	
  ψ.	
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Plays	
  where	
  	
  rook	
  or	
  queen	
  was	
  sacrificed:	
  	
  

Rook	
  was	
  
sacrificed	
  

Queen	
  was	
  
sacrificed	
  

•  A	
  team	
  X	
  sa4sfies	
  φ	
  v	
  ψ	
  if	
  	
  
	
  X=Y	
  ⋃	
  Z,	
  where	
  Y	
  sa4sfies	
  φ	
  and	
  Z	
  
sa4sfies	
  ψ.	
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=(Rank,Salary)	
  ?	
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=(Rank,Salary)	
  v	
  =(Rank,Salary)	
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=(Rank,Salary)	
  v	
  =(Rank,Salary)	
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•  A	
  team	
  X	
  sa4sfies	
  φ	
  ⋀	
  ψ	
  if	
  it	
  sa4sfies	
  φ	
  
and	
  ψ.	
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Quan4fiers	
  -­‐	
  modified	
  assignment	
  

xi	
   xn	
   xj	
  

46	
  



•  A	
  team	
  X	
  sa4sfies	
  ∃xφ	
  if	
  	
  
	
  there	
  is	
  a	
  team	
  Y	
  such	
  that	
  Y	
  sa4sfies	
  φ	
  
and	
  for	
  every	
  s	
  in	
  X	
  we	
  have	
  s(a/x)∈Y	
  for	
  
some	
  a.	
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Team	
  X	
  can	
  be	
  supplemented	
  with	
  
values	
  for	
  x	
  so	
  that	
  ϕ	
  is	
  sa4sfied.	
  

x	
  

48	
  



•  A	
  team	
  X	
  sa4sfies	
  ∀xφ	
  if	
  	
  
	
  there	
  is	
  a	
  team	
  Y	
  such	
  that	
  Y	
  sa4sfies	
  φ	
  
and	
  for	
  every	
  s	
  in	
  X	
  we	
  have	
  s(a/x)∈Y	
  for	
  
all	
  a.	
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Team	
  X	
  can	
  be	
  duplicated	
  along	
  x,	
  by	
  
lerng	
  x	
  get	
  all	
  possible	
  values,	
  and	
  

then	
  ϕ	
  is	
  sa4sfied.	
  
x	
   x	
  

X	
   Y	
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Truth	
  

•  A	
  sentence	
  is	
  true	
  if	
  	
  	
  	
  	
  	
  	
  	
  sa4sfies	
  it.	
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Example:	
  even	
  cardinality	
  

52	
  

Like Henkin (partially ordered) quantifiers. 



Conserva4ve	
  over	
  FO	
  

A	
  team	
  {s}	
  sa4sfies	
  a	
  first	
  order	
  formula	
  φ	
  	
  

iff	
  	
  

s	
  sa4sfies	
  φ	
  in	
  the	
  usual	
  sense.	
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Two	
  important	
  proper4es	
  

Downward	
  closure:	
  If	
  a	
  team	
  sa4sfies	
  a	
  formula,	
  
every	
  subset	
  does.	
  (Hodges:	
  op4mal!)	
  

Empty	
  set	
  property:	
  The	
  empty	
  team	
  sa4sfies	
  
every	
  formula.	
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Armstrong’s	
  Axioms	
  

Always	
  =(x,x)	
  

If	
  =(x,y,z),	
  then	
  =(y,x,z).	
  

If	
  =(x,x,y),	
  then	
  =(x,y).	
  

If	
  =(x,z),	
  then	
  =(x,y,z).	
  

If	
  =(x,y)	
  and	
  =(y,z),	
  then	
  =(x,z).	
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Proposi4onal	
  rules	
  

•  From	
  ϕ∧ψ	
  follows	
  ψ∧ϕ.	
  

•  From	
  ϕ∨ψ	
  follows	
  ψ∨ϕ.	
  
•  From	
  ϕ∧(ψ∧θ)	
  follows	
  (ϕ∧ψ)∧θ.	
  

•  From	
  ϕ∨(ψ∨θ)	
  follows	
  (ϕ∨ψ)∨θ.	
  
•  From(ϕ∨η)∧(ψ∨θ)	
  follows	
  (ϕ∧ψ)∨(ϕ∧θ)	
  ∨(η∧ψ)∨(η∧θ).	
  

•  From(ϕ∧η)∨(ψ	
  ∧θ)	
  follows	
  (ϕ∨ψ)∧(ϕ∨θ)∧(η∨ψ)∧(η∨θ).	
  

•  From	
  ϕ	
  and	
  ψ	
  follows	
  ϕ∧ψ.	
  	
  
•  From	
  ϕ∧ψ	
  follows	
  ϕ.	
  	
  

•  From	
  ϕ	
  follows	
  ϕ∨ψ.	
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Commutative 

Associative 

“Almost” distributive 



Incorrect	
  rules	
  

•  From	
  ϕ∨ϕ	
  follows	
  ϕ.	
  Wrong!	
  
•  From(ϕ∧ψ)∨(ϕ∧θ)	
  follows	
  ϕ∧(ψ∨θ).	
  Wrong!	
  

•  From(ϕ∨ψ)∧(ϕ∨θ)	
  follows	
  ϕ∨(ψ∧θ).	
  Wrong!	
  

No	
  absor4on	
  

Non-­‐distribu4ve	
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Surprising	
  rule	
  

•  From(ϕ∨ψ)∧(θ∨σ)	
  follows	
  ϕ∨(ψ∧θ)∨(ψ∧σ).	
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ϕ 
ψ 

θ σ 

(Ville Nurmi 2009) 



•  Dependence	
  logic	
  has	
  two	
  versions	
  of	
  the	
  
following	
  games	
  
– Seman4c	
  (evalua4on)	
  game	
  
– Ehrenfeucht-­‐Fraisse	
  game	
  

Game	
  theore4c	
  seman4cs	
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•  Dependence	
  logic	
  has	
  two	
  versions	
  of	
  the	
  
following	
  games	
  
– Seman4c	
  (evalua4on)	
  game	
  
– Ehrenfeucht-­‐Fraisse	
  game	
  

•  Version	
  1:	
  Players	
  move	
  assignments.	
  
– Non-­‐determined,	
  imperfect	
  informa4on.	
  

Game	
  theore4c	
  seman4cs	
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•  Dependence	
  logic	
  has	
  two	
  versions	
  of	
  the	
  
following	
  games	
  
– Seman4c	
  (evalua4on)	
  game	
  
– Ehrenfeucht-­‐Fraisse	
  game	
  

•  Version	
  1:	
  Players	
  move	
  assignments.	
  
– Non-­‐determined,	
  imperfect	
  informa4on.	
  

•  Version	
  2:	
  Players	
  move	
  teams.	
  
– Determined,	
  perfect	
  informa4on.	
  

Game	
  theore4c	
  seman4cs	
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Teams 

Assignments 
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Model	
  theory	
  of	
  dependence	
  logic	
  

	
  Hodges	
  1997:	
  For	
  every	
  formula	
  φ(x1,…,xn)	
  
there	
  is	
  an	
  existen4al	
  second	
  order	
  sentence	
  
Φ(P)	
  with	
  P	
  nega4ve	
  such	
  that	
  a	
  team	
  X	
  
sa4sfies	
  φ	
  iff	
  Φ(X)	
  is	
  true.	
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Model	
  theory	
  of	
  dependence	
  logic	
  

	
  Hodges	
  1997:	
  For	
  every	
  formula	
  φ(x1,…,xn)	
  
there	
  is	
  an	
  existen4al	
  second	
  order	
  sentence	
  
Φ(P)	
  with	
  P	
  nega4ve	
  such	
  that	
  a	
  team	
  X	
  
sa4sfies	
  φ	
  iff	
  Φ(X)	
  is	
  true.	
  

Theorem	
  (Kon4nen-­‐V.	
  2008):	
  The	
  converse	
  is	
  
also	
  true.	
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Answers a question of Hodges. 



Consequences	
  

•  A	
  language	
  for	
  NP	
  on	
  finite	
  models.	
  
•  Compactness.	
  

•  Löwenheim-­‐Skolem.	
  

•  Separa4on	
  (Interpola4on).	
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•  The	
  closure	
  of	
  dependence	
  logic	
  under	
  
classical	
  nega4on	
  has	
  the	
  exact	
  strength	
  of	
  
second	
  order	
  logic	
  (Ville	
  Nurmi,	
  2008).	
  

•  But	
  we	
  need	
  nega4on	
  to	
  express	
  Arrow’s	
  
Theorem?	
  

Classical	
  nega4on	
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Intui4onis4c	
  nega4on	
  

	
  Joint	
  work	
  with	
  S.	
  Abramsky.	
  

•  DefiniKon:	
  	
  X	
  sa4sfies	
  φ→ψ	
  iff	
  every	
  subteam	
  
of	
  X	
  which	
  sa4sfies	
  φ	
  also	
  sa4sfies	
  ψ.	
  

•  DefiniKon:	
  X	
  sa4sfies	
  ⊥	
  iff	
  X	
  is	
  the	
  empty	
  
team.	
  

•  ¬	
  φ	
  is	
  now	
  equivalent	
  to	
  φ→⊥for	
  atomic	
  φ.	
  

•  Intui4onis4c	
  nega4on	
  (φ→⊥)	
  is	
  an	
  alterna4ve	
  
way	
  to	
  extend	
  nega4on	
  from	
  atomic	
  to	
  non-­‐
atomic	
  formulas.	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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Intui4onis4c	
  nega4on	
  

	
  Joint	
  work	
  with	
  S.	
  Abramsky.	
  

•  DefiniKon:	
  	
  X	
  sa4sfies	
  φ→ψ	
  iff	
  every	
  subteam	
  
of	
  X	
  which	
  sa4sfies	
  φ	
  also	
  sa4sfies	
  ψ.	
  

•  DefiniKon:	
  X	
  sa4sfies	
  ⊥	
  iff	
  X	
  is	
  the	
  empty	
  
team.	
  

•  ¬	
  φ	
  is	
  now	
  equivalent	
  to	
  φ→⊥for	
  atomic	
  φ.	
  

•  Intui4onis4c	
  nega4on	
  (φ→⊥)	
  is	
  an	
  alterna4ve	
  
way	
  to	
  extend	
  nega4on	
  from	
  atomic	
  to	
  non-­‐
atomic	
  formulas.	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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Intui4onis4c	
  nega4on	
  

	
  Joint	
  work	
  with	
  S.	
  Abramsky.	
  

•  DefiniKon:	
  	
  X	
  sa4sfies	
  φ→ψ	
  iff	
  every	
  subteam	
  
of	
  X	
  which	
  sa4sfies	
  φ	
  also	
  sa4sfies	
  ψ.	
  

•  DefiniKon:	
  X	
  sa4sfies	
  ⊥	
  iff	
  X	
  is	
  the	
  empty	
  
team.	
  

•  ¬	
  φ	
  is	
  now	
  equivalent	
  to	
  φ→⊥for	
  atomic	
  φ.	
  

•  Intui4onis4c	
  nega4on	
  (φ→⊥)	
  is	
  an	
  alterna4ve	
  
way	
  to	
  extend	
  nega4on	
  from	
  atomic	
  to	
  non-­‐
atomic	
  formulas.	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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Intui4onis4c	
  nega4on	
  

•  Dependence	
  atoms	
  can	
  now	
  be	
  defined	
  in	
  
terms	
  of	
  constancy:	
  
	
  =(x1,...,xn,z)	
  	
  	
  ≣	
  	
  	
  (=(x1)	
  ∧	
  ….	
  ∧	
  =(xn))	
  →	
  =(z).	
  

•  Downward	
  closure	
  and	
  the	
  empty	
  set	
  property	
  
are	
  preserved.	
  

•  Compactness	
  fails.	
  

•  Goes	
  beyond	
  NP,	
  unless	
  NP=co-­‐NP.	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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Intui4onis4c	
  nega4on	
  

•  Dependence	
  atoms	
  can	
  now	
  be	
  defined	
  in	
  
terms	
  of	
  constancy:	
  
	
  =(x1,...,xn,z)	
  	
  	
  ≣	
  	
  	
  (=(x1)	
  ∧	
  ….	
  ∧	
  =(xn))	
  →	
  =(z)	
  

•  Downward	
  closure	
  and	
  the	
  empty	
  set	
  property	
  
are	
  preserved.	
  

•  Compactness	
  fails.	
  

•  Goes	
  beyond	
  NP,	
  unless	
  NP=co-­‐NP	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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Intui4onis4c	
  nega4on	
  

•  Dependence	
  atoms	
  can	
  now	
  be	
  defined	
  in	
  
terms	
  of	
  constancy:	
  
	
  =(x1,...,xn,z)	
  	
  	
  ≣	
  	
  	
  (=(x1)	
  ∧	
  ….	
  ∧	
  =(xn))	
  →	
  =(z)	
  

•  Downward	
  closure	
  and	
  the	
  empty	
  set	
  property	
  
are	
  preserved.	
  

•  Compactness	
  fails.	
  

•  Goes	
  beyond	
  NP,	
  unless	
  NP=co-­‐NP.	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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Intui4onis4c	
  nega4on	
  

•  Dependence	
  atoms	
  can	
  now	
  be	
  defined	
  in	
  
terms	
  of	
  constancy:	
  
	
  =(x1,...,xn,z)	
  	
  	
  ≣	
  	
  	
  (=(x1)	
  ∧	
  ….	
  ∧	
  =(xn))	
  →	
  =(z)	
  

•  Downward	
  closure	
  and	
  the	
  empty	
  set	
  property	
  
are	
  preserved.	
  

•  Compactness	
  fails.	
  

•  Goes	
  beyond	
  NP,	
  unless	
  NP=co-­‐NP.	
  

How	
  about	
  intui4onis4c	
  nega4on?	
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We	
  can	
  prove	
  Armstrong’s	
  Axioms	
  

Dependence	
  logic	
   Hey4ng’s	
  intui4onis4c	
  logic	
  

=(x,x)	
   =(x)=(x)	
  

If	
  =(x,y,z),	
  then	
  =(y,x,z).	
   If	
  (=(x)∧=(y))=(z),	
  then	
  (=(y)∧=(x))=(z)	
  

If	
  =(x,x,y),	
  then	
  =(x,y).	
   If	
  (=(x)∧=(x))=(y),	
  then	
  =(x)=(y)	
  

If	
  =(x,z),	
  then	
  =(x,y,z).	
   If	
  =(x)=(z),	
  then	
  (=(x)∧=(y))=(z)	
  

If	
  =(x,y)	
  and	
  =(y,z),	
  then	
  
=(x,z).	
  	
  

If	
  =(x)=(y),	
  and	
  =(y)=(z)	
  then	
  =(x)=(z)	
  

74	
  



•  Intui4onis4c	
  implica4on	
  is	
  the	
  adjoint	
  of	
  
conjunc4on:	
  

Galois	
  connec4on	
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Lesson	
  

•  One	
  can	
  add	
  intui4onis4c	
  implica4on	
  to	
  
dependence	
  logic	
  without	
  losing	
  the	
  
downward	
  closure.	
  

•  Intui4onis4c	
  nega4on	
  agrees	
  with	
  the	
  original	
  
nega4on	
  on	
  the	
  atomic	
  level,	
  and	
  basic	
  axioms	
  
of	
  dependence	
  become	
  provable.	
  

•  Good	
  (?)	
  for	
  proof	
  theory,	
  but	
  bad	
  (?)	
  for	
  
model	
  theory.	
  Is	
  there	
  a	
  reason	
  for	
  this?	
  

The	
  moral	
  of	
  the	
  story	
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What	
  is	
  dependence	
  logic	
  good	
  for?	
  

•  A	
  logic	
  for	
  a	
  variety	
  of	
  dependence	
  concepts.	
  
•  Language	
  for	
  NP.	
  
•  A	
  vehicle	
  for	
  uncovering	
  the	
  mathema4cs	
  of	
  
dependence	
  in	
  a	
  variety	
  of	
  contexts	
  
– Data	
  mining	
  
– Social	
  choice	
  theory	
  
– Logic	
  for	
  Interac4on	
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•  J.	
  Väänänen,	
  Dependence	
  Logic,	
  Cambridge	
  
University	
  Press,	
  2007.	
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Thank	
  you!	
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