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A morphism f : A → B in a category is an epimorphism [5, 10, 11] provided it is right-
cancellative, i.e. that for every pair of morphisms g, h : B→ C,

if g ◦ f = h ◦ f , then g = h.

We will focus on epimorphisms in varieties K of algebras, which we regard as categories whose
objects are the members of K and whose morphisms are the algebraic homomorphisms. It is
immediate that in such categories all surjective morphisms are indeed epimorphisms. However
the converse need not be true in general: for instance, the embedding of three-element chain
into the four-element diamond happens to be a non-surjective epimorphism in the variety of
distributive lattices. Accordingly, a variety K of algebras is said to have the epimorphism
surjectivity property (ES property for short), if its epimorphisms are surjective.

The failure of the ES property in distributive lattices can be explained in logical terms as
the observation that complements are implicitly, but not explicitly, definable in distributive
lattices, in the sense that when complements exist they are uniquely determined, even if there
is no unary term witnessing their explicit definition. In general, the algebraic counterpart
K of an algebraizable logic ` [4] has the ES property if and only if ` satisfies the so-called
(infinite deductive) Beth definability property, i.e. the demand that all implicit definitions in
` can be turned explicit [3, 9, 17]. This raises the question of determining which varieties of
Heyting algebras have the ES property or, equivalently, which intermediate logics have the Beth
definability property.

Classical results by Kreisel and Maksimova, respectively, state that all varieties of Heyting
algebras have a weak form of the ES property [12], while only finitely many of them have a strong
version of it [6, 14, 15, 16]. Nonethelss the standard ES property in varieties of Heyting algebras
seems to defy simple characterizations, and very little is known about it. One of the few general
results about the topic states that the ES property holds for all varieties with bounded depth
[2, Thm. 5.3], yielding in particular a continuum of varieties with the ES property. Remarkably,
this observation has been recently generalized [18, Thm. 13] beyond the setting of integral and
distributive residuated lattices [7] as follows:

Theorem 1 (M., Raftery and Wannenburg). Let K be a variety of commutative square-
increasing (involutive) residuated lattices. If the finitely subdirectly irreducible members of K
have finite depth and are generated by their negative cones, then K has the ES property.

On the other hand, the first (ad hoc) example of a variety of Heyting algebras lacking the
ES property was discovered in [2, Cor. 6.2]. We enhance that observation by ruling out the
ES property for a range of well-known varieties. To this end, let RN be the Rieger-Nishimura
lattice. Relyng on Esakia duality we establish the following:
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Theorem 2.

(i) For every 2 6 n ∈ ω, the variety of all Heyting algebras of width 6 n lacks the ES property.

(ii) The variety V(RN) lacks the ES property, and has a continuum of locally finite subvari-
eties without the ES property.

Recall that the Kuznetsov-Gerčiu variety KG is the variety generated by finite sums of cyclic
(i.e. one-generated) Heyting algebras [8, 13, 1]. As a case study, we will present a full description
of subvarieties of KG with the ES property. This yields an alternative proof of the well-known
fact that varieties of Gödel algebras have the ES property.
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